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Timeline

Summary and Outlook

Based on: ``Prospects for precise predictions or  in the SM”: arXiv:2203.15810

also:   Belle II: arXiv:2207.06307 (Snowmass WP)

          STFC: arXiv:2203.06961, 

          Chiral Belle arXiv:2205.12847 

aμ

https://arxiv.org/abs/2203.15810
https://arxiv.org/abs/2207.06307
https://arxiv.org/abs/2203.06961
https://arxiv.org/abs/2205.12847
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Anomalous magnetic moment
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Dirac (leading order): g = 2 = (�ie) ū(p0)�µu(p)

Quantum effects (loops):

Anomalous magnetic moment: 
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All SM particles contribute
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Fermilab muon g-2 experiment
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The Fermilab experiment released the measurement result from their run 1 data on 7 April 2021.  
[B. Abi et al, Phys. Rev. Lett. 124, 141801 (2021)]

Analysis of runs 2 and 3 is now underway. 

WP

• FNAL measurement confirms BNL result
• Analyzed 6% of the planned data
– Statistically limited: 434 ppb
– Systematics: 157 ppb

• Collected more than 50% of our planned 
data
– Aim to analyze Run 2-3 for summer of 2022

• Meanwhile … theory steps in: What could 
it all mean? Please see talk on Muon g-2 
SM and BSM theory review by Martin 
Hoferichter, Wednesday at 14:00  

Summary and Outlook

June 7, 2021 B. Kiburg | First Results Muon g-235

https://doi.org/10.1103/PhysRevLett.126.141801
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Muon g-2: SM contributions

5

HLbL

aEW
µ = 153.6 (1.0)⇥ 10�11

<latexit sha1_base64="h19OLW6lqQS/KfK0kDqVsJ1iWoA=">AAACGHicbVDLSgMxFM34rPVVdekmWIQKOk60vhZCUQSXFewDOm3JpJk2NJkZkoxQhn6GG3/FjQtF3Hbn35g+Ftp64MLhnHu59x4v4kxpx/m25uYXFpeWUyvp1bX1jc3M1nZZhbEktERCHsqqhxXlLKAlzTSn1UhSLDxOK173duhXnqhULAwedS+idYHbAfMZwdpIzcwxbroibiSuFPCu0ofXEJ2d2ufuYQ7ZzgFMQ1czQRVETiM5QqjfzGQd2xkBzhI0IVkwQbGZGbitkMSCBppwrFQNOZGuJ1hqRjjtp91Y0QiTLm7TmqEBNtvqyeixPtw3Sgv6oTQVaDhSf08kWCjVE57pFFh31LQ3FP/zarH2L+sJC6JY04CMF/kxhzqEw5Rgi0lKNO8Zgolk5lZIOlhiok2WaRMCmn55lpRPbJS3rx7y2cLNJI4U2AV7IAcQuAAFcA+KoAQIeAav4B18WC/Wm/VpfY1b56zJzA74A2vwA9vIm+g=</latexit>

6845 (40) × 10−11

92 (18) × 10−11

aQED
µ (↵(Cs)) = 116 584 718.9 (1)⇥ 10�11

<latexit sha1_base64="jslMJiAKjL0WKnE49hRQIicInxE="></latexit>
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aµ = aµ(QED) + aµ(EW) + aµ(hadronic)
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HVP

Hadronic 
corrections

(5 loops)

(2 loops)

(NNLO)

(NLO)
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Maximize the impact of the Fermilab and J-PARC experiments 
➠ quantify and reduce the theoretical uncertainties on the hadronic 
corrections


summarize the theory status and assess reliability of uncertainty estimates


organize workshops to bring the different communities together: 
First plenary workshop @ Fermilab: 3-6 June 2017 
HVP workshop @ KEK: 12-14 February 2018 
HLbL workshop @ U Connecticut: 12-14 March 2018 
Second plenary workshop @ HIM (Mainz): 18-22 June 2018 
Third plenary workshop @ INT (Seattle): 9-13 September 2019 
Lattice HVP at high precision workshop (virtual): 16-20 November 2020 
Fourth plenary workshop @ KEK (virtual): 28 June - 02 July 2021 
Fifth plenary workshop @ Higgs Centre (Edinburgh): 5-9 September 2022


1st White Paper published in 2020 (132 authors, 82 institutions, 21 
countries) [T. Aoyama et al, arXiv:2006.04822, Phys. Repts. 887 (2020) 1-166.]


2nd White Paper: First discussions @ KEK meeting in June 2021 
expect to develop a concrete plan @ Higgs Centre workshop

Muon g-2 Theory Initiative

6

Steering Committee 

https://muon-gm2-theory.illinois.edu

Gilberto Colangelo (Bern)

Michel Davier (Orsay) co-chair

Aida El-Khadra (UIUC & Fermilab) chair

Martin Hoferichter (Bern)

Christoph Lehner (Regensburg University 
& BNL) co-chair

Laurent Lellouch (Marseille)

Tsutomu Mibe (KEK)   
J-PARC Muon g-2/EDM experiment

Lee Roberts (Boston)    
Fermilab Muon g-2 experiment

Thomas Teubner (Liverpool)

Hartmut Wittig (Mainz)

https://indico.fnal.gov/event/13795/
http://www-conf.kek.jp/muonHVPws/index.html
https://indico.phys.uconn.edu/event/1/
http://www.apple.com
https://sites.google.com/uw.edu/int/programs/upcoming-programs
https://indico.cern.ch/event/956699/
https://www-conf.kek.jp/muong-2theory/
https://indico.ph.ed.ac.uk/event/112/
https://arxiv.org/abs/2006.04822
https://muon-gm2-theory.illinois.edu
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Hadronic Corrections: Comparisons
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aHVP

µ +
⇥
aQED

µ + aWeak

µ + aHLbL

µ

⇤
� aexpµ

<latexit sha1_base64="9M0tnw3VnWHGL11uTa1l7HXkKRA="></latexit>

aSMµ
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aHLbL

µ

<latexit sha1_base64="83tKrSLy3UXKs1294r/rXGAvHqg=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0mkoseilx56qGA/oIlhs922S3eTsLsplNB/4sWDIl79J978N27bHLT1wcDjvRlm5oUJZ0o7zrdV2Njc2t4p7pb29g8Oj+zjk7aKU0loi8Q8lt0QK8pZRFuaaU67iaRYhJx2wvH93O9MqFQsjh71NKG+wMOIDRjB2kiBbePAE+lT5kmB6o2wMQvsslNxFkDrxM1JGXI0A/vL68ckFTTShGOleq6TaD/DUjPC6azkpYommIzxkPYMjbCgys8Wl8/QhVH6aBBLU5FGC/X3RIaFUlMRmk6B9UitenPxP6+X6sGtn7EoSTWNyHLRIOVIx2geA+ozSYnmU0MwkczcisgIS0y0CatkQnBXX14n7auKW61cP1TLtbs8jiKcwTlcggs3UIM6NKEFBCbwDK/wZmXWi/VufSxbC1Y+cwp/YH3+AATak0Q=</latexit>

-60 -50 -40 -30 -20 -10 0 10 20 30

(a
µ

SM
-a

µ

exp
 ) x 10

10

J17

DHMZ19

KNT19

WP20

BNL+FNAL

F
e
rm

ila
b
 u

n
ce

rt
a
in

ty
 g

o
a
l

HVP from:

not used in WP20

BMW17

BDJ19

RBC/UKQCD
data/lattice

PACS19
RBC/UKQCD18

FHM19
Mainz/CLS19
ETM18/19

BMW20
LM20

not yet in WP20 (lat)



A. El-Khadra Snowmass CSS, 17-26 July 2022

      Hadronic Corrections
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Two different, independent strategies: 

 


1. For HVP, use dispersion relations to rewrite integral in terms of hadronic cross section:   
 
 
  

Many experiments (over 20+ years) have measured the cross sections for the different channels 
over the needed energy range with increasing precision.  
New dispersive approach developed for HLbL 
 


2. Direct calculation using Euclidean Lattice QCD


                                     


 

 ab-initio method to quantify QCD effects

 already used for simple hadronic quantities with high precision

 requires large-scale computational resources

 allows for entirely SM theory based evaluations

e+e−

➠Im[ ] ∼ | |2
hadrons hadrons

e+

e−

L 

a 

x 

Approximations:  
  discrete space-time (spacing a) 
  finite spatial volume (L), and time extent (T) 

  …

Integrals are evaluated 
numerically using 
Monte Carlo methods. 
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In 2020 WP:  
Conservative merging procedure to obtain a realistic 
assessment of the underlying uncertainties:


• account for tensions between data sets

• account for differences in methodologies for compilation 

of experimental inputs

• include correlations between systematic errors

• cross checks from unitarity & analyticity constraints 

[Colangelo et al, 2018;  Anantharayan et al, 2018; Davier et al, 2019;  
Hoferichter et al, 2019]


• Full NLO radiative corrections  [Campanario et al, 2019

HVP: data-driven

9

[M. Davier @ 
KEK workshop] 

Ongoing work:

• BaBar: new analysis of large (7 ) data set in  channel (1-2 

years), also , other channels

• SND: new results for  channel, other channels in progress

• CMD-3: ongoing analyses for  and other channels

• BESIII: new results in 2021 for  channel, continued analysis 

also for , other channels

• Belle II: arXiv:2207.06307 (Snowmass WP) 

Better statistics than BaBar or KLOE; similar or better 
systematics for low-energy cross sections 


• STFC: arXiv:2203.06961

• Need blind analyses to resolve the tensions (esp. for  channel)

• Developing NNLO Monte Carlo generators (STRONG 2020 

workshop next week https://agenda.infn.it/event/28089/)

× ππ
πππ

ππ
ππ
ππ

πππ

ππ

Data-driven evaluations of HVP with  feasible by 
~2025, if tensions between experiments are resolved.

∼ 0.3 %

Further comparisons

M. Davier HVPdisp discussion KEK June 29 2021 2

� Comparing aP [S+S-] integrals in U peak region
� Choose full range of SND20 [0.525-0.883] GeV to 

compare to other experiments covering this range

� Computing average of SND20 with 
either BABAR or KLOE

� SND20 more consistent with BABARaHVP,LO
μ = 693.1 (2.8)exp (0.7)DV+pQCD (2.8)BaBar−KLOE × 10−10

= 693.1 (4.0) × 10−10

https://arxiv.org/abs/2207.06307
https://arxiv.org/abs/2203.06961
https://agenda.infn.it/event/28089/
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In 2020 WP: 

Lattice HVP average at total uncertainty: 

  

BMW 20 (published in 2021)  
first LQCD calculation with sub-percent ( ) error 
in tension with data-driven HVP ( )

Further tensions for intermediate window 
 
 
 
 
 
 
 
 
-  tension with data-driven evaluation  
-  tension with RBC/UKQCD18

2.6 %
aHVP,LO

μ = 711.6 (18.4) × 1010

0.8 %
2.1σ

3.7σ
2.2σ

HVP: lattice
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Use windows in Euclidean time to consider the different 
time regions separately. [T. Blum et al, arXiv:1801.07224, 2018 PRL] 
 
Short Distance (SD)       
Intermediate (W)           
Long Distance (LD)        
 
 
 

disentangle systematics/statistics from long distance/FV 
and discretization effects 

intermediate window: easy to compute in lattice QCD & 
using disperse approach: 

Internal cross check: 
Compute each window separately (in continuum, infinite 
volume limits,…) and combine:

t : 0 → t0
t : t0 → t1
t : t1 → ∞

aHVP,LO
µ =

⇣↵
⇡

⌘2
Z 1

0
dt w̃(t)C(t)

<latexit sha1_base64="bwdIsym4glyVPgnTM0fRxWwPX2s="></latexit>

Hartmut	Wittig

Window	observables

4

Restrict	integra3on	over	Euclidean	3me	to	sub-intervals	
		 		reduce/enhance	sensi3vity	to	systema3c	effects→

<latexit sha1_base64="RZkSrxSX7M0m0SIdaFXvIxBtAEI="></latexit>

ahvp,win
µ =

✓↵
⇡

◆2 Z 1

0
dt K̃(t) G(t) W(t; t0, t1)

Short	distance:
<latexit sha1_base64="xgdpZMpcp8rV9Ka6WJ9p5hBGgKA="></latexit>

WSD(t; t0) = 1 � ⇥(t, t0,�)

Intermediate	distance:
<latexit sha1_base64="mXPnf6Q0yTt3Zm6UpEf/wXuXM2E="></latexit>

W ID(t; t0, t1) = ⇥(t, t0,�) � ⇥(t, t1,�)
<latexit sha1_base64="NVv4bsheoXwrNXVLs/nYU1XFiPg="></latexit>

WLD(t; t1) = ⇥(t, t1,�)Long	distance:

• Precision	test	of	different	laKce	calcula3ons	

• Comparison	with	corresponding	 -ra3o	es3mateR

Intermediate	window:

0

0.2

0.4

0.6

0.8

1

0 0.5 1 1.5 2 2.5 3

t [fm]

Lattice data

<latexit sha1_base64="MtZJ/lX0ry9Cg+vSBLSFwvNmMjo="></latexit>

⇥(t, t0,�) = 1
2
⇥
1 + tanh(t � t0)/�

⇤
Step	func3on:

“Standard”	window	quan33es:
<latexit sha1_base64="3/X9k7tHfEFhYfCh5/e+1KR+S3s="></latexit>

t0 = 0.4 fm, t1 = 1.0 fm, � = 0.15 fm

H. Wittig @ Lattice 2021

t0 = 0.4 fm, t1 = 1.0 fm

Window observable

restrict correlator to window
0.4 � 1.0 fm [RBC/UKQCD’18]

fewer difficulties
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Cont. extrap. systematics:

1 SRHO vs no improvement
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3 linear, quadratic or cubic

4 skip coarse lattices

aµ = aSDµ + aWµ + aLDµ
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In 2020 WP: 

Lattice HVP average at total uncertainty: 

  

BMW 20 (published April 2021)  
first LQCD calculation with sub-percent ( ) error 
in tension with data-driven HVP ( )

Further tensions for intermediate window: 
 
 
 
 
 
 
 
 
 
 
 
-  tension with data-driven evaluation  
-  tension with RBC/UKQCD18

2.6 %
aHVP,LO

μ = 711.6 (18.4) × 1010

0.8 %
2.1σ

3.7σ
2.2σ

HVP: lattice

11

Compiled by A. Kronfeld

2200 2300 2400 2500

10
11

a
µ

W

Colangelo et al., R(e
+
e
−
)

RBC/UKQCD 18

Mainz/CLS 22

BMW 20

ETM 21

ETM 22 New results for intermediate windows: 
 


QCD: arXiv:2204.01280 

Aubin et al: arXiv:2204.12256

Mainz: arXiv:2206.06582 

ETM: arXiv:2206.15084 (ETM)

χ

Proposals for computing more windows:  

Use linear combinations of finer windows to locate the 
tension (if it persists) in  
[Colangelo et al, arXiv:12963] 

Use larger windows, excluding the long-distance region 
  to maximize the significance of any tension 

[Davies at at, arXiv:2207.04765]

s

t ≳ 2 fm

https://arxiv.org/abs/2204.01280
https://arxiv.org/abs/2204.12256
https://arxiv.org/abs/2206.06582
https://arxiv.org/abs/2206.15084
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In 2020 WP: 

Lattice HVP average at total uncertainty: 

  

BMW 20 (published April 2021)  
first LQCD calculation with sub-percent ( ) error 
in tension with data-driven HVP ( )

Further tensions for intermediate window: 
 
 
 
 
 
 
 
 
 
 
 
-  tension with data-driven evaluation  
-  tension with RBC/UKQCD18

2.6 %
aHVP,LO

μ = 711.6 (18.4) × 1010

0.8 %
2.1σ

3.7σ
2.2σ

HVP: lattice

12

Expect new results from RBC/UKQCD and FNAL/HPQCD/MILC in coming 
months (both are blinded): 
 
 
 
 

For total HVP: 

Including  states for refined long-distance computation  
(Mainz, RBC/UKQCD, FNAL/MILC)

Developing method average for lattice HVP — started at KEK workshop 
(June 2021), based on detailed comparisons


- list of sub quantities (and their definitions)

- common prescription for separating QCD & QED 

- quality criteria for inclusion


Most groups plan to include smaller lattice spacings to test continuum 
extrapolations  (needs adequate computational resources) 

ππ

Ongoing work:

S. Lahert 
(FNAL/HPQCD/MILC)

If results are consistent, Lattice HVP (average) 
with errors feasible by 2025≲ 0.5 %

2200 2300 2400 2500

10
11

a
µ

W

Colangelo et al., R(e
+
e
−
)

RBC/UKQCD 18

Mainz/CLS 22

BMW 20

ETM 21

ETM 22

FIG. 10: Bayesian Model Averaging procedure applied to the intermediate window W. (Top Left)
Histogram of all extrapolations used in the Bayesian model average. The pink band is the BMA
result. (Top Right) The subset of data sets and extrapolations corresponding to correcting the data
with the Chiral Model (and NLO �PTwhich is part of the CM result). Data (not)including taste-
breaking are given by (squares)circles. The di↵erent extrapolations correspond to variations of the
fit function & leaving out ensembles. Linear extrapolations in a

2
↵
n
s (1/a) are shown by straight

lines, quadratic by dashed and cubic by dot-dashed. (Middle) The top 40 fits that correspond
to single-model corrected data plotted versus their model probability defined in eqn. 3.11. Linear
extrapolations are shown by filled markers, quadratic by empty and cubic by half filled. (Bottom)
The corresponding p-values for the fits.

• Oscillation removal We include data sets with oscillations removed from all ensem-
bles for the intermediate window via our fit-method.

• Continuum fit function We vary the order of the polynomial in a2↵n
s (1/a). We also

vary the power n independently on each of the terms in the polynomial. We run over
na2 = 0, 1, 2, na4 = 0, 1 and na6 = 0. We also turn on/o↵ the term proportional to Cs.

• Dropping ensembles We include linear extrapolations leaving out the coarsest, sec-
ond coarsest ensembles and quadratic extrapolations leaving out a single ensemble.

How to justify, each case constitutes a ’model’?
Shown in fig. 10 is the Bayesian model average for aWµ . In the top right we show only a

subset of the extrapolation variations, specifically the extrapolations on data sets corrected
with the Chiral Model from the full window with no other modifications. The various
extrapolations for each data set shown then correspond then to fit function variations and

15

Compiled by A. Kronfeld

BlindBlind

Prelim
inary
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Hadronic Light-by-light

13

µ−(p) µ−(p′)

↓ k = p′ − p

=

π0, η, η′

+ . . .+

π+

+ . . .+
Exchanges of

other resonances

(f0, a1, f2, . . .)

+

q

+ . . .

Dispersive approach:

[Colangelo at al, 2014; Pauk & Vanderhaegen 2014; …]  


model independent

significantly more complicated than for HVP

provides a framework for data-driven evaluations

can also use lattice results as inputs➠

Dominant contributions ( of total):≈ 75 %

Well quantified with  uncertainty

 pole contributions: Canterbury approximants only


Ongoing work: consolidation of  pole contributions 
using disp. relations and LQCD

≈ 6 %
η, η′￼

η, η′￼

µ−(p) µ−(p′)

↓ k = p′ − p

=

π0, η, η′

+ . . .+

π+

+ . . .+
Exchanges of

other resonances

(f0, a1, f2, . . .)

+

q

+ . . .

µ−(p) µ−(p′)

↓ k = p′ − p

=

π0, η, η′

+ . . .+

π+

+ . . .+
Exchanges of

other resonances

(f0, a1, f2, . . .)

+

q

+ . . .

Subleading contributions ( of total):≈ 25 %

Not yet well known  
➠ dominant contribution to total uncertainty

Ongoing work:

- Implementation of short-distance constraints (now at 2-loop)

- DR implementation for axial vector contributions

- BESIII ramping up  programγ(*)γ*

Dispersive, data-driven evaluation of HLbL with 
total uncertainty feasible by ~2025. ≤ 10 %
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Lattice QCD+QED:

RBC/UKQCD 
[T. Blum et al, arXiv:1610.04603, 2016 PRL; arXiv:1911.08123, 2020 PRL]

QCD + QEDL  (finite volume)   
 
DWF ensembles at/near phys mass,  
a ≈ 0.08 − 0.2 fm, L ∼ 4.5 − 9.3 fm

xsrc xsnky′,σ′ z′,κ′ x′, ρ′

xop, ν

z,κ
y,σ x, ρ

xsrc xsnkz′,κ′ y′,σ′ x′, ρ′

xop, ν

z,κ y,σ x, ρ

Hadronic Light-by-light

14

Two independent and complete direct calculations of aHLbL
μ

Cross checks between RBC/UKQCD & Mainz approaches in White Paper at unphysical pion mass

Both groups will continue to improve their calculations, adding more statistics, lattice spacings,  
physical mass ensemble (Mainz)

Mainz group  
[E. Chao et al, arXiv:2104.02632]


QCD + QED (infinite volume & continuum) 
 
CLS (2+1 Wilson-clover) ensembles 
 , mπ ∼ 200 − 430 MeV a ≈ 0.05 − 0.1 fm, mπL > 4

Theory background
I O(4)-symmetry restoration of the QED kernel allows to write

ahlbl
µ = lim

|y |maxæŒ
ahlbl

µ (|y |max) , ahlbl
µ (|y |) =

⁄ |y |max

0
d |y |f (|y |) .

∆ compute the integrand f (|y |) for each |y | and get the |y |-integral using
trapezoidal rule.

I Terminology:
I Leading topologies: fully-connected, (2+2)
I Subleading topologies: (3+1), (2+1+1), (1+1+1+1)

Motivated by light pseudoscalar (PS) meson contributions and large-Nc
arguments.

I Translational invariance + change of variables ∆ compute ahlbl
µ for each

topology from only a subset of “easy" diagrams. [E.-H. Chao et al, EPJC ’20]

I Focus of this talk: the leading topologies with purely light quarks and the
(3+1) with a light quark “triangle".

0x

y

z

0y

z

x
0y

z

x
0y

z

x 0 y

z

x

En-Hung Chao (JGU Mainz) ahlbl
µ from LQCD: a complete calculation 3 / 9

Lattice HLbL results with  total uncertainty feasible by ~202510 %

http://arxiv.org/abs/arXiv:1911.08123
https://arxiv.org/abs/2104.02632


A. El-Khadra Snowmass CSS, 17-26 July 2022

Timeline
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Theory Initiative: 

ongoing activities: develop method average for Lattice HVP

plan to update WP: new lattice HVP results (when available)

main update with all available results ~ 2023

Run 4
Run 5

Result from 
Runs 2&3

?

20
21

20
22

20
23

Final result 

from E989  

?

J-PARC E34FNAL E989

?

Run 1 result 
announced

Physics Reports 887 (2020) 1–166

Contents lists available at ScienceDirect

Physics Reports

journal homepage: www.elsevier.com/locate/physrep

The anomalousmagneticmoment of themuon in the Standard
Model
T. Aoyama 1,2,3, N. Asmussen 4, M. Benayoun 5, J. Bijnens 6, T. Blum 7,8,
M. Bruno 9, I. Caprini 10, C.M. Carloni Calame 11, M. Cè 9,12,13, G. Colangelo 14,⇤,
F. Curciarello 15,16, H. Czyª 17, I. Danilkin 12, M. Davier 18,⇤, C.T.H. Davies 19,
M. Della Morte 20, S.I. Eidelman 21,22,⇤, A.X. El-Khadra 23,24,⇤, A. Gérardin 25,
D. Giusti 26,27, M. Golterman 28, Steven Gottlieb 29, V. Gülpers 30, F. Hagelstein 14,
M. Hayakawa 31,2, G. Herdoíza 32, D.W. Hertzog 33, A. Hoecker 34,
M. Hoferichter 14,35,⇤, B.-L. Hoid 36, R.J. Hudspith 12,13, F. Ignatov 21,
T. Izubuchi 37,8, F. Jegerlehner 38, L. Jin 7,8, A. Keshavarzi 39, T. Kinoshita 40,41,
B. Kubis 36, A. Kupich 21, A. Kup±¢ 42,43, L. Laub 14, C. Lehner 26,37,⇤, L. Lellouch 25,
I. Logashenko 21, B. Malaescu 5, K. Maltman 44,45, M.K. Marinkovi¢ 46,47,
P. Masjuan 48,49, A.S. Meyer 37, H.B. Meyer 12,13, T. Mibe 1,⇤, K. Miura 12,13,3,
S.E. Müller 50, M. Nio 2,51, D. Nomura 52,53, A. Nyffeler 12,⇤, V. Pascalutsa 12,
M. Passera 54, E. Perez del Rio 55, S. Peris 48,49, A. Portelli 30, M. Procura 56,
C.F. Redmer 12, B.L. Roberts 57,⇤, P. Sánchez-Puertas 49, S. Serednyakov 21,
B. Shwartz 21, S. Simula 27, D. Stöckinger 58, H. Stöckinger-Kim 58, P. Stoffer 59,
T. Teubner 60,⇤, R. Van de Water 24, M. Vanderhaeghen 12,13, G. Venanzoni 61,
G. von Hippel 12, H. Wittig 12,13, Z. Zhang 18, M.N. Achasov 21, A. Bashir 62,
N. Cardoso 47, B. Chakraborty 63, E.-H. Chao 12, J. Charles 25, A. Crivellin 64,65,
O. Deineka 12, A. Denig 12,13, C. DeTar 66, C.A. Dominguez 67, A.E. Dorokhov 68,
V.P. Druzhinin 21, G. Eichmann 69,47, M. Fael 70, C.S. Fischer 71, E. Gámiz 72,
Z. Gelzer 23, J.R. Green 9, S. Guellati-Khelifa 73, D. Hatton 19,
N. Hermansson-Truedsson 14, S. Holz 36, B. Hörz 74, M. Knecht 25, J. Koponen 1,
A.S. Kronfeld 24, J. Laiho 75, S. Leupold 42, P.B. Mackenzie 24, W.J. Marciano 37,
C. McNeile 76, D. Mohler 12,13, J. Monnard 14, E.T. Neil 77, A.V. Nesterenko 68,
K. Ottnad 12, V. Pauk 12, A.E. Radzhabov 78, E. de Rafael 25, K. Raya 79, A. Risch 12,
A. Rodríguez-Sánchez 6, P. Roig 80, T. San José 12,13, E.P. Solodov 21, R. Sugar 81,
K. Yu. Todyshev 21, A. Vainshtein 82, A. Vaquero Avilés-Casco 66, E. Weil 71,
J. Wilhelm 12, R. Williams 71, A.S. Zhevlakov 78
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TI workshops: Jun 2021 @ KEK (virtual) 
                       Sep 2022 @ Higgscentre
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Cs:  from Berkeley group [Parker et al, Science 360, 6385 (2018)] 


Rb:  from Paris group [Morel et al, Nature 588, 61–65(2020)]

α
α

aSM` � aExp
`
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Sensitivity to heavy 
new physics:

Chiral Belle  arXiv:2205.12847

use polarized  beam

with  measurement of  
at  feasible

with more statistics 
measurement at  possible

e−

40ab−1 aτ
10−5

10−6

https://arxiv.org/abs/2205.12847


Summary

Theory Initiative:

Concrete plans for WP updates @ next workshop (update on lattice HVP if new 
results are available)

method averages for lattice HVP, HLbL


Programs and plans in place to improve by 2025:

data-driven HVP  (if tension between KLOE and BaBar is resolved)

lattice HVP  (if tension between BMW and RBC/UKQCD is resolved)

dispersive HLbL and lattice HLbL: 


If tensions between data-driven HVP and lattice HVP are resolved, SM prediction 
will likely match precision goal of the Fermilab experiment.

If not, will need detailed comparisons, explore connections between HVP, 

, , global EW fits. 

MUonE (space-like momentum measurement of ) will provide more 
information/cross checks.          

∼ 0.3 %
≲ 0.5 %

∼ 10 %

σ(e+e−) Δα
Δα



Outlook
Experimental program beyond 2025: 


J-PARC: Muon g-2/EDM, MuSEUM, COMET, DeeMe 

Fermilab: Mu2e, future muon campus experiments? 

PSI: MEG, MuMass,Mu3e, MuEDM, MUSE, CREMA, HIMB? 

Belle II, MUonE, BESIII, Novosibirsk

STCF (?), Chiral Belle (?)


Data-driven/dispersive program beyond 2025:

further uncertainty reductions from new measurements  
STCF,  decay data, …

development of NNLO MC generators

for HLbL, improved experimental/lattice inputs together with further 
development of dispersive approach 


Lattice QCD program beyond 2025: 

access to future computational resources (coming  Exascale)  will enable 
improvements of all errors (statistical and systematic)

concurrent development of better methods and algorithms (gauge-field 
sampling, noise reduction) will accelerate progress  
➠ continued coordination by Muon g-2 Theory Initiative

τ



Farah WillenbrockMax Hansen

Jonna Koponen Xiao-Ming Xu

Thank you!
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➙

Overall Results

!13

Essentially all 
exclusive 
channels (>30) 
below 1.8 GeV 
are included 
thanks mainly to  
measurements 
in many modes 
from BABAR 
(including the 
recent π+π-3π0) 

Estimation for 
missing modes 
based on isospin 
constraints 
becomes 
negligible 
(0.016%)

Channel ahad, LO
µ [10�10] �↵(m2

Z)[10�4]
⇡0� 4.29± 0.06± 0.04± 0.07 0.35± 0.00± 0.00± 0.01
⌘� 0.65± 0.02± 0.01± 0.01 0.08± 0.00± 0.00± 0.00
⇡+⇡� 507.80± 0.83± 3.19± 0.60 34.49± 0.06± 0.20± 0.04
⇡+⇡�⇡0 46.20± 0.40± 1.10± 0.86 4.60± 0.04± 0.11± 0.08
2⇡+2⇡� 13.68± 0.03± 0.27± 0.14 3.58± 0.01± 0.07± 0.03
⇡+⇡�2⇡0 18.03± 0.06± 0.48± 0.26 4.45± 0.02± 0.12± 0.07
2⇡+2⇡�⇡0 (⌘ excl.) 0.69± 0.04± 0.06± 0.03 0.21± 0.01± 0.02± 0.01
⇡+⇡�3⇡0 (⌘ excl.) 0.49± 0.03± 0.09± 0.00 0.15± 0.01± 0.03± 0.00
3⇡+3⇡� 0.11± 0.00± 0.01± 0.00 0.04± 0.00± 0.00± 0.00
2⇡+2⇡�2⇡0 (⌘ excl.) 0.71± 0.06± 0.07± 0.14 0.25± 0.02± 0.02± 0.05
⇡+⇡�4⇡0 (⌘ excl., isospin) 0.08± 0.01± 0.08± 0.00 0.03± 0.00± 0.03± 0.00
⌘⇡+⇡� 1.19± 0.02± 0.04± 0.02 0.35± 0.01± 0.01± 0.01
⌘! 0.35± 0.01± 0.02± 0.01 0.11± 0.00± 0.01± 0.00
⌘⇡+⇡�⇡0(non-!,�) 0.34± 0.03± 0.03± 0.04 0.12± 0.01± 0.01± 0.01
⌘2⇡+2⇡� 0.02± 0.01± 0.00± 0.00 0.01± 0.00± 0.00± 0.00
!⌘⇡0 0.06± 0.01± 0.01± 0.00 0.02± 0.00± 0.00± 0.00
!⇡0 (! ! ⇡0�) 0.94± 0.01± 0.03± 0.00 0.20± 0.00± 0.01± 0.00
!(⇡⇡)0 (! ! ⇡0�) 0.07± 0.00± 0.00± 0.00 0.02± 0.00± 0.00± 0.00
! (non-3⇡,⇡�, ⌘�) 0.04± 0.00± 0.00± 0.00 0.00± 0.00± 0.00± 0.00
K+K� 23.08± 0.20± 0.33± 0.21 3.35± 0.03± 0.05± 0.03
KSKL 12.82± 0.06± 0.18± 0.15 1.74± 0.01± 0.03± 0.02
� (non-KK, 3⇡,⇡�, ⌘�) 0.05± 0.00± 0.00± 0.00 0.01± 0.00± 0.00± 0.00
KK⇡ 2.45± 0.05± 0.10± 0.06 0.78± 0.02± 0.03± 0.02
KK2⇡ 0.85± 0.02± 0.05± 0.01 0.30± 0.01± 0.02± 0.00
KK3⇡ (estimate) �0.02± 0.01± 0.01± 0.00 �0.01± 0.00± 0.00± 0.00
⌘� 0.33± 0.01± 0.01± 0.00 0.11± 0.00± 0.00± 0.00
⌘KK (non-�) 0.01± 0.01± 0.01± 0.00 0.00± 0.00± 0.01± 0.00
!KK (! ! ⇡0�) 0.01± 0.00± 0.00± 0.00 0.00± 0.00± 0.00± 0.00
!3⇡ (! ! ⇡0�) 0.06± 0.01± 0.01± 0.01 0.02± 0.00± 0.00± 0.00
7⇡ (3⇡+3⇡�⇡0 + estimate) 0.02± 0.00± 0.01± 0.00 0.01± 0.00± 0.00± 0.00
J/ (BW integral) 6.28± 0.07 7.09± 0.08
 (2S) (BW integral) 1.57± 0.03 2.50± 0.04
R data [3.7� 5.0] GeV 7.29± 0.05± 0.30± 0.00 15.79± 0.12± 0.66± 0.00
RQCD [1.8� 3.7 GeV]uds 33.45± 0.28± 0.65dual 24.27± 0.18± 0.28dual
RQCD [5.0� 9.3 GeV]udsc 6.86± 0.04 34.89± 0.17
RQCD [9.3� 12.0 GeV]udscb 1.21± 0.01 15.56± 0.04
RQCD [12.0� 40.0 GeV]udscb 1.64± 0.00 77.94± 0.12
RQCD [> 40.0 GeV]udscb 0.16± 0.00 42.70± 0.06
RQCD [> 40.0 GeV]t 0.00± 0.00 �0.72± 0.01
Sum 693.9± 1.0± 3.4± 1.6± 0.1 ± 0.7QCD 275.42± 0.15± 0.72± 0.23± 0.09 ± 0.55QCD

<latexit sha1_base64="eYTnCtIfbYta89sjEmRUJ0Uey+E="></latexit>
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Z. Zhang for DHMZ @ INT g-2 workshop


[M. Davier et al, arXiv:1908.00921]  

HVP: data-driven
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(a) Fractional contributions to ahad,LOVP

µ .

(b) Fractional contributions to �↵(5)

had
(M2

Z)

Figure 20: Pie charts showing the fractional contributions to the total mean value (left pie chart) and

(error)2 (right pie chart) of both ahad,LOVP
µ (upper panel) and �↵(5)

had
(M2

Z) (lower panel) from various

energy intervals. The energy intervals for ahad,LOVP
µ are defined by the boundaries m⇡, 0.6, 0.9, 1.43,

2.0 and 1 GeV. For �↵(5)

had
(M2

Z), the intervals are defined by the energy boundaries m⇡, 0.6, 0.9, 1.43,
2.0, 4.0, 11.2 and 1 GeV. In both cases, the (error)2 includes all experimental uncertainties (including
all available correlations) and local �2

min
/d.o.f. inflation. The fractional contribution to the (error)2 from

the radiative correction uncertainties are shown in black and indicated by ‘rad.’.

analysis is

ahad,LOVP

µ = (693.26± 1.19stat ± 2.01sys ± 0.22vp ± 0.71fsr)⇥ 10�10

= (693.26± 2.46tot)⇥ 10�10 , (3.28)

where the uncertainties include all available correlations and local �2 inflation as discussed in
Section 2.2.2. Using the same data compilation as described for the calculation of ahad,LOVP

µ ,

the next-to-leading order (NLO) contribution to ahad,VP
µ is determined here to be

ahad,NLOVP

µ = (�9.82± 0.02stat ± 0.03sys ± 0.01vp ± 0.02fsr)⇥ 10�10

= (�9.82± 0.04tot)⇥ 10�10 . (3.29)
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Figure 20: Pie charts showing the fractional contributions to the total mean value (left pie chart) and

(error)2 (right pie chart) of both ahad,LOVP
µ (upper panel) and �↵(5)

had
(M2

Z) (lower panel) from various

energy intervals. The energy intervals for ahad,LOVP
µ are defined by the boundaries m⇡, 0.6, 0.9, 1.43,

2.0 and 1 GeV. For �↵(5)

had
(M2

Z), the intervals are defined by the energy boundaries m⇡, 0.6, 0.9, 1.43,
2.0, 4.0, 11.2 and 1 GeV. In both cases, the (error)2 includes all experimental uncertainties (including
all available correlations) and local �2

min
/d.o.f. inflation. The fractional contribution to the (error)2 from

the radiative correction uncertainties are shown in black and indicated by ‘rad.’.

analysis is

ahad,LOVP

µ = (693.26± 1.19stat ± 2.01sys ± 0.22vp ± 0.71fsr)⇥ 10�10

= (693.26± 2.46tot)⇥ 10�10 , (3.28)

where the uncertainties include all available correlations and local �2 inflation as discussed in
Section 2.2.2. Using the same data compilation as described for the calculation of ahad,LOVP

µ ,

the next-to-leading order (NLO) contribution to ahad,VP
µ is determined here to be

ahad,NLOVP

µ = (�9.82± 0.02stat ± 0.03sys ± 0.01vp ± 0.02fsr)⇥ 10�10

= (�9.82± 0.04tot)⇥ 10�10 . (3.29)
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Figure 3: (Color online) Comparison of the updated calculation of the leading-order (LO) hadronic vacuum polarization
contribution to (g � 2)µ due to ⇡+⇡� in the energy range 600 - 900 MeV from BESIII and the corresponding results from
CMD-2 [13, 14], SND [15], BaBar [11], BESIII 16 [1],CLEO [16], and KLOE [17]. The respective values are taken from the
white paper of the Muon g-2 Theory Initiative [2, 3, 18, 19, 20, 21, 22]. The yellow band indicates the 1� range of the updated
BESIII result.

Wallenberg Foundation (Sweden) under Contract No. 2016.0157; The Royal Society, UK under Contracts
Nos. DH140054, DH160214; The Swedish Research Council; U. S. Department of Energy under Contracts
Nos. DE-FG02-05ER41374, DE-SC-0012069.

References

[1] M. Ablikim, et al., Measurement of the e+e� ! ⇡+⇡� cross section between 600 and 900 MeV using initial state radiation,
Phys. Lett. B 753 (2016) 629–638. arXiv:1507.08188, doi:10.1016/j.physletb.2015.11.043.

[2] G. Colangelo, M. Hoferichter, P. Sto↵er, Two-pion contribution to hadronic vacuum polarization, JHEP 02 (2019) 006.
arXiv:1810.00007, doi:10.1007/JHEP02(2019)006.

[3] M. Davier, A. Hoecker, B. Malaescu, Z. Zhang, A new evaluation of the hadronic vacuum polarisation contributions
to the muon anomalous magnetic moment and to ↵(m2

Z), Eur. Phys. J. C 80 (3) (2020) 241. arXiv:1908.00921, doi:
10.1140/epjc/s10052-020-7792-2.

[4] A. Hocker, V. Kartvelishvili, SVD approach to data unfolding, Nucl. Instrum. Meth. A372 (1996) 469–481. arXiv:

hep-ph/9509307, doi:10.1016/0168-9002(95)01478-0.
[5] G. Rodrigo, H. Czyz, J. H. Kuhn, M. Szopa, Radiative return at NLO and the measurement of the hadronic cross-section

in electron positron annihilation, Eur. Phys. J. C 24 (2002) 71–82. arXiv:hep-ph/0112184, doi:10.1007/s100520200912.
[6] F. Jegerlehner, Hadronic Contributions to Electroweak Parameter Shifts: A Detailed Analysis, Z. Phys. C32 (1986) 195,

www-com.physik.hu-berlin.de/˜fjeger/alphaQED.tar.gz (2015). doi:10.1007/BF01552495.
[7] J. S. Schwinger, PARTICLES, SOURCES, AND FIELDS. VOL. 3, Perseus, 1989.
[8] M. Ablikim, et al., Future Physics Programme of BESIII, Chin. Phys. C 44 (4) (2020) 040001. arXiv:1912.05983,

doi:10.1088/1674-1137/44/4/040001.
[9] G. Gounaris, J. Sakurai, Finite width corrections to the vector meson dominance prediction for ⇢ ! e+e�, Phys. Rev.

Lett. 21 (1968) 244–247. doi:10.1103/PhysRevLett.21.244.
[10] P. Zyla, et al., Review of Particle Physics, PTEP 2020 (8) (2020) 083C01. doi:10.1093/ptep/ptaa104.
[11] J. P. Lees, et al., Precise Measurement of the e+e� ! ⇡+⇡�(�) Cross Section with the Initial-State Radiation Method

at BABAR, Phys. Rev. D86 (2012) 032013. arXiv:1205.2228, doi:10.1103/PhysRevD.86.032013.
[12] S. Eidelman, F. Jegerlehner, Hadronic contributions to (g-2) of the leptons and to the e↵ective fine structure constant

alpha (M2
Z), Z. Phys. C67 (1995) 585–602. arXiv:hep-ph/9502298, doi:10.1007/BF01553984.

[13] R. R. Akhmetshin, et al., Reanalysis of hadronic cross-section measurements at CMD-2, Phys. Lett. B578 (2004) 285–289.
arXiv:hep-ex/0308008, doi:10.1016/j.physletb.2003.10.108.

[14] R. R. Akhmetshin, et al., High-statistics measurement of the pion form factor in the rho-meson energy range with the
CMD-2 detector, Phys. Lett. B648 (2007) 28–38. arXiv:hep-ex/0610021, doi:10.1016/j.physletb.2007.01.073.

[15] M. N. Achasov, et al., Update of the e+e� ! ⇡+⇡� cross-section measured by SND detector in the energy region 400
MeV <

p
s < 1000 MeV, J. Exp. Theor. Phys. 103 (2006) 380–384, [Zh. Eksp. Teor. Fiz. 130, 437 (2006)]. arXiv:

hep-ex/0605013, doi:10.1134/S106377610609007X.
[16] T. Xiao, S. Dobbs, A. Tomaradze, K. K. Seth, G. Bonvicini, Precision Measurement of the Hadronic Contribution to the

Muon Anomalous Magnetic Moment, Phys. Rev. D97 (3) (2018) 032012. arXiv:1712.04530, doi:10.1103/PhysRevD.97.
032012.

9

[M. Ablikim et al (BES III), arXiv:2009.05011] 

Tensions between BaBar and KLOE data sets: 

• Cross checks using analyticity and unitarity relating pion 
form factor to  scattering 


• Combinations of data sets affected by tensions 
➠ conservative merging procedure

ππ

Further comparisons

M. Davier HVPdisp discussion KEK June 29 2021 2

� Comparing aP [S+S-] integrals in U peak region
� Choose full range of SND20 [0.525-0.883] GeV to 

compare to other experiments covering this range

� Computing average of SND20 with 
either BABAR or KLOE

� SND20 more consistent with BABAR

[M. Davier @ KEK workshop] 

http://arxiv.org/abs/arXiv:1908.00921
http://arxiv.org/abs/arXiv:1802.02995
http://arxiv.org/abs/arXiv:2009.05011
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 e+e-  facilities involved in HVP measurement  

KLOE SND CMD-3 

HVP measurements 

BaBar 

BNL-821 

BELLE-II 

BES-III 

KEDR 

S. Serednyakov (for SND) @ HVP KEK workshop

FNAL E989

J-PARC g-2/EDM

E-34
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 also depends on the hadronic vacuum 
polarization function, and can be written as an integral 
over , but weighted towards higher 
energies. 

a shift in  also changes : ➠ EW fits  
[Passera, et al, 2008, Crivellin et al 2020, Keshavarsi et al 2020,  
Malaescu & Scott 2020] 

If the shift in  is in the low-energy region 
( ), the impact on  and EW fits is 
small. 

A shift in  from low ( ) energies  
➠  
must satisfy unitarity & analyticity constraints ➠   

can be tested with lattice calculations   
[Colangelo, Hoferichter, Stoffer, arXiv:2010.07943] 

Δαhad(M2
Z)

σ(e+e− → hadrons)

aHVP
μ Δαhad(M2

Z)

aHVP
μ

≲ 1 GeV Δαhad(M2
Z)

aHVP
μ ≲ 2 GeV

σ(e+e− → ππ)
FV

π (s)
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Hadronic running of α and global EW fit

e+e− KNT, DHMZ EW fit HEPFit EW fit GFitter guess based on BMWc

∆α
(5)
had(M

2
Z )× 104 276.1(1.1) 270.2(3.0) 271.6(3.9) 277.8(1.3)

difference to e+e− −1.8σ −1.1σ +1.0σ

Time-like formulation:

∆α
(5)
had(M

2
Z ) =

αM2
Z

3π
P

∞
∫

sthr

ds
Rhad(s)

s(M2
Z − s)

Space-like formulation:

∆α
(5)
had(M

2
Z ) =

α

π
Π̂(−M2

Z )+
α

π

(

Π̂(M2
Z )−Π̂(−M2

Z )
)

Global EW fit

Difference between HEPFit and GFitter

implementation mainly treatment of MW

Pull goes into opposite direction

0
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proj(∞)

proj(1.94 GeV)

BMWc 2020

More in talks by M. Passera, B. Malaescu (phenomenology)

and K. Miura, T. San José (lattice)

M. Hoferichter (Institute for Theoretical Physics) Comparison with e+e− data November 20, 2020 6

Martin Hoferichter @ Lattice HVP workshop
 also depends on the hadronic vacuum 

polarization function, and can be written as an integral 
over , but weighted towards higher 
energies. 

a shift in  also changes : ➠ EW fits  
[Passera, et al, 2008, Crivellin et al 2020, Keshavarsi et al 2020,  
Malaescu & Scott 2020] 

If the shift in  is in the low-energy region 
( ), the impact on  and EW fits is 
small. 

A shift in  from low ( ) energies  
➠  
must satisfy unitarity & analyticity constraints ➠   

can be tested with lattice calculations   
[Colangelo, Hoferichter, Stoffer, arXiv:2010.07943] 

Δαhad(M2
Z)

σ(e+e− → hadrons)

aHVP
μ Δαhad(M2

Z)

aHVP
μ

≲ 1 GeV Δαhad(M2
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σ(e+e− → ππ)
FV

π (s)
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Peter Stoffer @ Lattice HVP workshop
Constraints on the two-pion contribution to HVP arXiv:2010.07943 [hep-ph]

Modifying a⇡⇡µ |1GeV

• “low-energy” scenario: local changes in cross section of
⇠ 8% around ⇢

• “high-energy” scenario: impact on pion charge radius and
space-like VFF ) chance for independent lattice-QCD
checks

• requires factor ⇠ 3

improvement over
�QCD result:
hr2⇡i = 0.433(9)(13) fm2

! arXiv:2006.05431 [hep-ph] �0.1

�0.05
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relative difference to fit result

total error
fit error

SND
CMD-2
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phase shifts changed
ck changed, N � 1 = 4
all parameters changed

3

 also depends on the hadronic vacuum 
polarization function, and can be written as an integral 
over , but weighted towards higher 
energies. 

a shift in  also changes : ➠ EW fits  
[Passera, et al, 2008, Crivellin et al 2020, Keshavarsi et al 2020,  
Malaescu & Scott 2020] 

If the shift in  is in the low-energy region 
( ), the impact on  and EW fits is 
small. 

A shift in  from low ( ) energies  
➠  
must satisfy unitarity & analyticity constraints ➠   

can be tested with lattice calculations   
[Colangelo, Hoferichter, Stoffer, arXiv:2010.07943] 

Δαhad(M2
Z)

σ(e+e− → hadrons)

aHVP
μ Δαhad(M2

Z)

aHVP
μ

≲ 1 GeV Δαhad(M2
Z)

aHVP
μ ≲ 2 GeV

σ(e+e− → ππ)
FV

π (s)

Can new physics hide in the low-energy  cross section?  ➠ No  [Luzio, et al, arXiv:2112.08312] 


Neutral, long-lived hadrons, heretofore undetected?  [Farrar, arXiv:2206.13460]

σ(e+e− → ππ)
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Calculate  in Lattice QCD:  

 


• Separate into connected for each quark flavor + disconnected contributions 
 (gluon and sea-quark background not shown in diagrams) 
 Note: almost always     
 
 
     


• need to add QED and strong isospin breaking (  ) corrections: 
 
 
 
- either perturbatively on isospin symmetric QCD background 
- or by using QCD + QED ensembles with  

aHVP
μ

mu = md

∼ mu − md

mu ≠ md

Lattice HVP: Introduction

25

+ …
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+ f f’ f= ud, s, c, b

aHLO
µ ⌘ aHVP,LO

µ =
X

f

aHVP,LO
µ,f + aHVP,LO

µ,disc

<latexit sha1_base64="QuLOsSJbj/2XJDr1dqEpUkjAtFQ="></latexit>
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light-quark connected contribution: 
 ~90% of total


s,c,b-quark contributions  
 ~8%, 2%, 0.05% of total


disconnected contribution:  
  ~2% of total


Isospinbreaking (QED + mu ≠ md ) corrections:  
 ~1% of total

aHVP,LO
μ (ud)

aHVP,LO
μ (s, c, b)

aHVP,LO
μ,disc

δaHVP,LO
μ

Lattice HVP: Introduction
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Introduction

Isospin Breaking Corrections

I lattice calculations usually done in the isospin symmetric limit

I two sources of isospin breaking e�ects

I di�erent masses for up- and down quark (of O((md ≠ mu)/�QCD))

I Quarks have electrical charge (of O(–))

I lattice calculation aiming at 1% precision requires to include isospin breaking

I separation of strong IB and QED e�ects requires renormalization scheme

I definition of “physical point” in a “QCD only world” also scheme dependent

I IB contribution included in final lattice result from the WP [arXiv:2006.04822]
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Target: ~ 0.2% total error
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aHVP,LO
μ = aHVP,LO

μ (ud) + aHVP,LO
μ (s) + aHVP,LO

μ (c) + aHVP,LO
μ,disc + δaHVP,LO

μ
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Introduction

Overview of published results - contributions to aµ ◊ 1010

BMW ≠1.27(40)(33)
RBC/UKQCD 5.9(5.7)(1.7)
ETM 1.1(1.0)

BMW≠0.0095(86)(99) 0.42(20)(19)

BMW≠0.55(15)(11)
RBC/UKQCD≠6.9(2.1)(2.0)

BMW≠0.047(33)(23)0.011(24)(14)

BMW6.59(63)(53)
RBC/UKQCD10.6(4.3)(6.8)

ETM6.0(2.3)
FHM7.7(3.7) 9.0(2.3)

LM9.0(0.8)(1.2)

BMW≠4.63(54)(69)

BMW [arXiv:2002.12347]

RBC/UKQCD [Phys.Rev.Lett. 121 (2018) 2, 022003]

ETM [Phys. Rev. D 99, 114502 (2019)]

FHM [Phys.Rev.Lett. 120 (2018) 15, 152001]

LM [Phys.Rev.D 101 (2020) 074515]

Vera Gülpers (University of Edinburgh) HVP from LQCD - workshop 18 Nov 2020 5 / 6

• Some tensions between lattice results for individual contributions.

• Large cancellations between individual contributions: 

δaIB
μ ≲ 1 %

Hartmut	Wittig

The	White	Paper	and	its	aNermath

2

-ra6o:					R ahvp, LO
μ = (693.1 ± 4.0) ⋅ 10−10

T. Aoyama, N. Asmussen, M. Benayoun et al. Physics Reports xxx (xxxx) xxx

Table 8

Summary of results for aHVP, LO
µ ; see also Fig. 44. All lattice results fully take into account the corrections and systematic errors, except for those

marked with ⇤, which are older results that did not include SIB and QED corrections in the quoted values and errors. In some cases, the lattice
results include phenomenological estimates of the SIB/QED corrections instead of direct lattice calculations. Results for which the second column
states Nf = 2 + 1 include charm contributions in the valence sector, but not in the sea. Results with Nf = 2 also omit strange sea-quark effects.
When results are displayed with two errors, the first is the statistical uncertainty and the second the systematic one. With only one quoted error,
the statistical and systematic uncertainties are combined. HISQ = highly improved staggered quarks, Stout4S = 4 steps stout-smeared staggered
quarks, tmQCD = twisted mass QCD, DWF = domain wall fermions, Clover = O(a) improved Wilson quarks, StoutW = stout-smeared O(a) improved
Wilson quarks. Simulations with staggered quarks employ ‘‘rooted’’ determinants, to remove the extra doublers from the sea. TMR = time-momentum
representation, VMD = vector-meson dominance.
Collaboration Nf aHVP, LO

µ ⇥ 1010 Fermion ⇧̂ (Q 2)

ETM-18/19 [17,377] 2+1+1 692.1 (16.3) tmQCD TMR
FHM-19 [14] 2+1+1 699 (15) HISQ Padé w. Moments/TMR
BMW-17 [10] 2+1+1 711.1 (7.5)(17.5) Stout4S TMR
HPQCD-16 [376] 2+1+1 667 (6)(12) HISQ Padé w. Moments
ETM-13 [411] 2+1+1 674 (21)(18)⇤ tmQCD VMD
Mainz/CLS-19 [15] 2+1 720.0 (12.4)(9.9) Clover TMR
PACS-19 [13] 2+1 737 (9)(+13

�18) StoutW TMR/Padé
RBC/UKQCD-18 [11] 2+1 717.4 (16.3)(9.2) DWF TMR

Mainz-17 [369] 2 654 (32)(+21
�23)

⇤ Clover TMR

KNT-19 [7] pheno. 692.8 (2.4) � dispersion
DHMZ-19 [6] pheno. 694.0 (4.0) � dispersion
BDJ-19 [238] pheno. 687.1 (3.0) � dispersion
FJ-17 [27] pheno. 688.1 (4.1) � dispersion
RBC/UKQCD-18 [11] lat.+pheno. 692.5 (1.4)(2.3) DWF TMR + disp.

Fig. 44. Compilation of recent results for aHVP, LO
µ in units of 10�10. The filled dark blue circles are lattice results that are included in the ‘‘lattice

world average’’. The average, which is obtained from a conservative averaging procedure in Section 3.5.1, is indicated by a light blue band, while the
light-green band indicates the ‘‘no new physics’’ scenario, where aHVP, LO

µ results are large enough to bring the SM prediction of aµ into agreement
with experiment. The unfilled dark blue circles are lattice results that are older or superseded by more recent calculations. The red squares indicate
results obtained from the data-driven methods reviewed in Section 2. See Table 8 for more information on the results included in the plot.
Source: Adapted from Ref. [443].

3.3.1. Total leading-order HVP contribution
In Fig. 44 and Table 8, we compare the results for aHVP, LOµ reported by the various lattice QCD groups as well as

those obtained from the data-driven methods described in Section 2. Note that lattice results based on gauge ensembles
with Nf = 2 sea quarks are not included in our averages. The results from the BMW collaboration (BMW-17 [10]), the
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Table 8

Summary of results for aHVP, LO
µ ; see also Fig. 44. All lattice results fully take into account the corrections and systematic errors, except for those

marked with ⇤, which are older results that did not include SIB and QED corrections in the quoted values and errors. In some cases, the lattice
results include phenomenological estimates of the SIB/QED corrections instead of direct lattice calculations. Results for which the second column
states Nf = 2 + 1 include charm contributions in the valence sector, but not in the sea. Results with Nf = 2 also omit strange sea-quark effects.
When results are displayed with two errors, the first is the statistical uncertainty and the second the systematic one. With only one quoted error,
the statistical and systematic uncertainties are combined. HISQ = highly improved staggered quarks, Stout4S = 4 steps stout-smeared staggered
quarks, tmQCD = twisted mass QCD, DWF = domain wall fermions, Clover = O(a) improved Wilson quarks, StoutW = stout-smeared O(a) improved
Wilson quarks. Simulations with staggered quarks employ ‘‘rooted’’ determinants, to remove the extra doublers from the sea. TMR = time-momentum
representation, VMD = vector-meson dominance.
Collaboration Nf aHVP, LO

µ ⇥ 1010 Fermion ⇧̂ (Q 2)

ETM-18/19 [17,377] 2+1+1 692.1 (16.3) tmQCD TMR
FHM-19 [14] 2+1+1 699 (15) HISQ Padé w. Moments/TMR
BMW-17 [10] 2+1+1 711.1 (7.5)(17.5) Stout4S TMR
HPQCD-16 [376] 2+1+1 667 (6)(12) HISQ Padé w. Moments
ETM-13 [411] 2+1+1 674 (21)(18)⇤ tmQCD VMD
Mainz/CLS-19 [15] 2+1 720.0 (12.4)(9.9) Clover TMR
PACS-19 [13] 2+1 737 (9)(+13

�18) StoutW TMR/Padé
RBC/UKQCD-18 [11] 2+1 717.4 (16.3)(9.2) DWF TMR

Mainz-17 [369] 2 654 (32)(+21
�23)

⇤ Clover TMR

KNT-19 [7] pheno. 692.8 (2.4) � dispersion
DHMZ-19 [6] pheno. 694.0 (4.0) � dispersion
BDJ-19 [238] pheno. 687.1 (3.0) � dispersion
FJ-17 [27] pheno. 688.1 (4.1) � dispersion
RBC/UKQCD-18 [11] lat.+pheno. 692.5 (1.4)(2.3) DWF TMR + disp.

Fig. 44. Compilation of recent results for aHVP, LO
µ in units of 10�10. The filled dark blue circles are lattice results that are included in the ‘‘lattice

world average’’. The average, which is obtained from a conservative averaging procedure in Section 3.5.1, is indicated by a light blue band, while the
light-green band indicates the ‘‘no new physics’’ scenario, where aHVP, LO

µ results are large enough to bring the SM prediction of aµ into agreement
with experiment. The unfilled dark blue circles are lattice results that are older or superseded by more recent calculations. The red squares indicate
results obtained from the data-driven methods reviewed in Section 2. See Table 8 for more information on the results included in the plot.
Source: Adapted from Ref. [443].
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In Fig. 44 and Table 8, we compare the results for aHVP, LOµ reported by the various lattice QCD groups as well as

those obtained from the data-driven methods described in Section 2. Note that lattice results based on gauge ensembles
with Nf = 2 sea quarks are not included in our averages. The results from the BMW collaboration (BMW-17 [10]), the
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vanishes within errors for larger values of x0. At small times the disconnected contribution

is only about 0.005% of the connected one, and hence we conclude that the vector correlator

G(x0) is completely dominated by the connected part in the region x0 ! 0.5 fm.

The fact that the disconnected contribution is small where it can be resolved does

not, however, imply that it is negligible. Using our data we can derive an upper bound

on the error which arises if one were to neglect the disconnected contribution altogether.

To this end it is useful to recall the isospin decomposition of the electromagnetic current

shown in eq. (2.13), which gives rise to the iso-vector (I = 1) correlator Gρρ and its

iso-scalar counterpart GI=0 (see eq. (2.15)). The iso-vector correlator Gρρ(x0) contains

only quark-connected diagrams; it is related to the connected light quark contribution

Gud(x0) via

Gρρ(x0) =
9

10
Gud(x0). (D.7)

By contrast, the iso-scalar correlator GI=0 contains both connected and disconnected con-

tributions, i.e.

G(x0)
I=0 =

1

10
Gud(x0) +Gs(x0)−Gdisc(x0). (D.8)

With the help of eqs. (D.3) and (D.7) one derives the expression

− Gdisc(x0)

Gρρ(x0)
=

G(x0)−Gρρ(x0)

Gρρ(x0)
− 1

9

(
1 + 9

Gs(x0)

Gρρ(x0)

)
. (D.9)

It is now important to realize that the iso-scalar spectral function vanishes below the

three-pion threshold, which implies that GI=0(x0) = O(e−3mπx0) for x0 → ∞. According

to eq. (D.8) this implies

Gdisc(x0) =

(
1

10
Gud(x0) +Gs(x0)

)
· (1 + O(e−mπx0)), (D.10)

G(x0) = Gρρ(x0) · (1 + O(e−mπx0)) (D.11)

in the deep infrared. With these considerations one determines the asymptotic behaviour

of the ratio in eq. (D.9) in the long-distance regime as

− Gdisc(x0)

Gρρ(x0)
x0→∞−→ −1

9
, (D.12)

where we have also taken into account that Gs(x0) drops off faster than Gρρ(x0) due to

the heavier mass of the strange quark. We expect the asymptotic value to be approached

from above, because [G(x0)−Gρρ(x0)] ∼ 1
18e

−mωx0 is likely larger than Gs(x0) ∼ 1
9e

−mφx0

for x0 " 1 fm.

In figure 7 we plot the ratio of eq. (D.9) versus the Euclidean distance. One can see

that the ratio is practically zero up to x0/a ≈ 26 on E5 and x0/a ≈ 22 at the smaller

pion mass of ensemble F6. Thus, there is no visible trend for distances x0 ! 1.7 fm that

the ratio approaches its asymptotic value of −1/9. In order to derive a conservative upper

bound on the quark-disconnected contribution we assume that the ratio of eq. (D.9) drops
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 is loop-induced, conserves CP & flavor, flips 
chirality. 
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aμ

Δaμ = 251(59) × 10−11 > aμ(EW)

aNP
μ ∼ aEW

μ ×
M2

W

Λ2
× couplings

There are many more examples. . .

SUSY: MSSM, MRSSM

MSugra. . .many other generic scenarios

Bino-dark matter+some coannihil.+mass splittings

Wino-LSP+specific mass patterns

Here: M2-M1 small:
g-2, LHC, dark matter
explained for tanbeta=20

previous
   case

Two-Higgs doublet model

Type I, II, Y, Type X(lepton-specific), flavour-aligned

Lepto-quarks, vector-like leptons

scenarios with muon-specific couplings to µL and µR

Simple models (one or two new fields)

Mostly excluded

light N.P. (ALPs, Dark Photon, Light Lµ − Lτ ) [Athron,Balazs,Jacob,Kotlarski,DS,Stöckinger-Kim, 2104.03691]

Dominik Stöckinger Briefly some general remarks, then general MSSM 14/26

Can be accommodated by many BSM theories

D. Stöckinger @ g-2 Days (http://pheno.csic.es/g-2Days21/)
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Can be accommodated by many BSM theories

other possibilities:  
New boson produced resonantly at ~ 1GeV (KLOE CM energy) 
[L. Darmé et al, arXiv:2112.09139]



